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Abstract
We show that a polynomial isoperimetric inequality is true in ‘almost every group’, in some
sense. Namely, we consider the function (n); n∈ Z; n¿ 0, introduced, for a 6nitely generated
group, by Robert Gilman, who proved that, for any group, (n)6 n=3, and that a slightly
stricter condition (n)¡ n=3 implies that the group is 6nitely presented and satis6es exponen-
tial isoperimetric inequality. In this paper, we show that the asymptotic condition (n)6 n( 13−),
where ¿ 0 is arbitrarily small but 6xed, implies polynomial isoperimetric inequality.
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1. Introduction
This paper develops from Theorem A of [1]. So let us begin with a brief account
of the work [1].
The central notion of [1] is a (diagonal) triangulation of a circle in the Euclidean
plane.
Denition 1. Triangulations are obtained by distinguishing one or more points on a
circle and joining them by chords in such a way that (1) no two chords meet in the
interior of the circle; and (2) the interior of the circle is divided into triangles with sides
which are either chords or arcs of the circle between two neighbouring distinguished
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points. If the number of distinguished points is not greater than 3, there exists, by
de6nition, only the trivial triangulation, with empty set of chords.
Note that this de6nition, which appeals to geometric intuition, may be rewritten more
formally as follows: consider a circle with n distinguished points 1; 2; : : : ; n; and de6ne
a chord as a pair {i; j}; i; j6 n of distinguished points. Call a set S of chords nice if
for every c= {i; j}∈ S we have i = j, moreover, points i and j are not neighbouring,
and, 6nally, for any two chords c; c′ in S, if the endpoints of c divide the circle into
two (closed) arcs A1 and A2, then the endpoints of c′ belong to the same arc Ai (which
is equivalent to saying that c and c′ do not intersect in the interior). We de6ne partial
order on the class of nice sets of chords by S16 S2 ⇔ S1 ⊆ S2, and triangulations are
simply sets maximal with respect to this order.
Now let us recall the de6nition of the function  from [1], which is associated with
a 6nite generating set  of a (6nitely generated) group G. We assume  to be closed
under (formal) inverses. Let ∗ be a free monoid, namely the set of all strings of
elements of , with the operation of concatenation. Let  : ∗ → G be the semigroup
morphism which takes each letter from  to its image in G. We say that a word w∈∗
represents the element (w)∈G.
Denition 2. Given a word w = a1 : : : an in generators  such that (w) = 1, one
distinguishes n points on a circle and labels them with elements (a1); (a1a2); : : : ;
(a1 : : : ak); : : : ; (a1a2 : : : an)=1∈G, which is done counter-clockwise around the circle.
Now, for every triangulation T of this circle and every chord c in T , one de6nes the
length of the chord l(c) = lw;T (c) to be the distance in G between the labels of its
endpoints. (The distance is measured by the word metric associated with .) Let Wn
be the set of all words w in  of length n such that (w) = 1; n be the set of all
triangulations of a circle with n distinguished points. Then
(n) = maxw∈Wn minT∈n maxc∈T lw;T (c):
We will also need a few technical de6nitions of labels and length.
Denition 3. If a chord c in a triangulation T joins points with labels g; h∈G, call
g−1h (or, also, any of the shortest words in  representing this element) a label
of c.
The label of an arc on a circle between two neighbouring distinguished points with
labels a1 : : : ak and a1 : : : ak+1 is the letter ak+1 (the label of the arc between the points
with labels a1 : : : an and a1 is a1); further, the label of an arbitrary arc A is the word
which is read along A, counterclockwise, and consists of all labels of subarcs of A
between pairs of neighbouring distinguished points. The length of an arc is equal to
the length of its label, or, in other words, the number of segments into which this arc
is split by distinguished points.
Now we will give a brief summary of [1]. Very shortly, a study of connection
between asymptotic behaviour of  and the structure of G is undertaken. Word
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hyperbolic groups are studied in this aspect very well, namely, they are shown to be
exactly the groups with  logarithmic or bounded, and  is bounded iI the group
is virtually free. But one of the main theorems of [1] gives information of more
general character, and it is the purpose of our work to make it more
complete.
Proposition 1. (Theorem A of [1]). For any group G and set of generators of G;(n)
6 	n=3
. (	x
 is the least integer not less than x.) Moreover, if, for all su7ciently
large n; (n)¡ 	n=3
, then G is 8nitely presented and satis8es exponential isoperi-
metric inequality.
We will show (see Proposition 3) that, if we have a little stricter condition (n)6
n(l=3 − ), where ¿ 0 is arbitrary but independent of n, polynomial isoperimetric
inequality holds.
2. Polynomial isoperimetric inequality
Let us begin by stating a lemma from [1], where it is implicit in the proof of
Theorem A.
Proposition 2. For any triangulation T of a circle, with n¿ 4 distinguished points,
there exists a chord c in T dividing the circle into two arcs of lengths e¿d¿ n=3.
Now we are ready to prove our result.
Proposition 3. Let G be a 8nitely generated group. Suppose that, for some 8nite
set  of generators of G, there exists ¿ 0 such that, for all su7ciently large
n; (n)6 n( 13 − ). Then G is 8nitely presented and satis8es polynomial isoperimetric
inequality.
Proof. Let w be a word of length n in generators  representing the identity. Let
us distinguish n points on a circle and label them with pre6xes of w. Consider a
triangulation T of the circle. According to Proposition 2, one can 6nd in T a chord
which divides the circle into two arcs A1 and A2 of lengths n=36 x6y. By hypothesis,
we may assume that the length of this chord z6 n( 13 − ). Denote the labels of the
arcs by X and Y , the label of the chord by Z . (If we 6x the beginning of the chord
to be the end of arc A1, and agree that Z is a word rather than an element of G, then
Z is de6ned by De6nition 3 precisely, though, of course, not unambiguously.) Then
XY has the form w2w1 for some decomposition w = w1w2, so we might also say that
it is conjugate to w in the corresponding free group. Moreover, the words XZ; Z−1Y
in  represent the identity, their lengths are less than n, and the sum of their areas is
an upper bound for the area of w. So, by induction, we may assume that the area of
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the word w is not greater than C(x + z)k + C(y + z)k , for some C¿ 0 and integer
k ¿ 0. Now let us show that we can 6nd K , depending only on , such that, for any
odd integer k¿K; (x+ z)k + (y+ z)k6 (x+ y)k . First note that z6 23y (as y¿ n=2),
and z6 (1− 3)x¡x. Further,
D= (x + y)k−(x+z)k−(y+z)k
=
k−1∑
i=1
Cikx
iyk−i
k−1∑
i=1
Cik(x
izk−i + yizk−i)− 2zk
=
∑
0¡i¡k=2
Cik(x
iyk−i + xk−iyi − xizk−i − xk−izi − yizk−i − yk−izi)− 2zk
=
∑
0¡i¡k=2
Cik [(x
i(yk−i − zk−i)− ziyk−i) + (yi(xk−i − zk−i)− zixk−i)]− 2zk :
Now let us use geometric interpretations of %i = xi(yk−i − zk−i) − ziyk−i and &i =
yi(xk−i − zk−i)− zixk−i. The 6rst of these expressions may be interpreted as the area
of a rectangle with sides xi and yk−i from which one cuts oI: (1) two stripes, with
sides xi and zk−i along one side of the rectangle, and with sides zi and yk−i along the
other side (obviously, this is possible); and (2) a piece of area zk , which is equal to
the area of the rectangle which is the common part of the two stripes. (The latter is
possible iI %i is non-negative.) So it is enough to estimate what is left after cutting
oI the two stripes. Clearly, there remains at least a rectangle with sides
xi − zi¿ ((x=z)i − 1)zi¿ ((x=z)− 1)zi¿ 3zi
and
yk−i − zk−i¿ ((y=z)k−i − 1)zk−i¿ ((3=2)0;5k − 1)zk−i ;
which, by choice of K , can be made not less than (10=3)zk−i. Then we have at least
10zk left, so %i¿ 9zk . We can handle the second expression &i similarly. Hence D¿ 0,
and the area of w is not greater than C(x+y)k=Cnk , which completes the proof.
Remark 1. Consider the group presentation
¡a; b; c|a−1b−1ab= a−1c−1ac = c−1b−1cb= 1¿;
and note that (6m)¿ 2m (consider words of type ambmcma−mb−mc−m and apply
Proposition 2). So the direct product of three copies of Z is as ‘bad’, according to this
theory, as groups with unsolvable word problem, for example. (By the way, for the
standard presentation of Z × Z , |(n)− n=4|6 const.)
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